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On the Monte Carlo Simulation of Digital
Communication Systems in Gaussian Noise

J. A. Bucklew Senior Member, IEEEBNnd R. Radeke

Abstract—in this paper, we consider the general problem ofthe ~ One way out of this quandary is to utilize the technique called
simulation of highly reliable systems operating in the presence of importance samplingmportance sampling has, in the last few
Gaussian noise. Our methodology uses importance sampling which y.a ¢ - astablished itself as the main method of variance reduc-
has been shown to be a particularly effective method in the general tion for the simulation of rare events. For an excellent review
discipline of rare-event simulation. The methods we propose are " . . o . i
optimal in a certain sense, i.e., they are efficient. We also give a article of this methodology in the field of network simulation,
new class of simulation distributions that are universally efficient see [9]. Another highly recommended review article in the field
in the sense that they depenanly on a single scalar parameter, of communications systems is [15]. An encyclopedic text con-
regardless of the ;ﬂmensmnahty of the underlying system or of the cerned only with the issues present in communication system
error sets to be simulated. . o

simulation is [10].
Index Terms—Gaussian noise, importance sampling, Monte  The main idea of the methodology is simple to present. Sup-
Carlo simulation. pose we wish to estimate= E{¢(Z)} whereZ is a random
variable describing some observation on a random system.
|. INTRODUCTION Usually, ¢ is the indicator function of some set implying that
is the probability of the set. Suppose that the observation
ndom variableZ has probability density functiop(-). The
rect (Monte Carlo) simulation method would be to generate a
gquence of independent, identically distributed (i.i.d.) random

M ODERN communication systems are complex, nmﬁ;j1
linear, highly reliable systems designed to operate 1
noisy environments. Because of their complexity, they are ve
difficult, if not impossible, to analyze mathematically in closed o .c7(1) 72 Z®) from the densityp(-) and form
form. Due to this analytic intractability, they must often b?he estimate A
simulated in order to obtain estimates of the key performance
parameters. k ,

In this paper, we present a general simulation methodology Pp = Z¢(Z(Z))-
to use for complex, highly reliable stochastic systems operating =1
in the presence of Gaussian noise. Gaussian noise is the Mgsthe law of large numbersi, — p ask — oo. Thus, as

common assumption used for the ambient thermal backgroupd number of observations approaches infinity, we converge

in which most communications systems have to operate. Qyrthe true value. Suppose instead, we generate a sequence of
method can be extended to other noise models (most notaplyg. random numberg ™,z ... z*) with a possibly

certain types of shot noise) but we will not further discuss thigifferent densityg(-). We call these random variables the “bi-

issue here. ased” random variables, an¢-) the “biased” distribution. We
In communication system design, an event of rare probabilifyen form the estimate

is usually the key parameter of the system’s efficacy. The events k iy
we have in mind here would be something like an error in the Py = 1 Z p(Z ‘ )¢(Z(7‘)’).
transmission of a bit. Typically, this number is on the order Tk = q(Z®r)
of 10 °~10 %. The rule of thumb for a straightforward Monte.

Carlo simulation is that we need0/» number of simulations The ratiop(-)/q(:) will be called the weight function of the im-

to reasonably estimate (20% error with 95% probability) nortance sampling estimator. It 'S S|mple to \_/er|fy that the ex
. . . pected value of, under the density(-) is preciselyp. There-

event of probabilityp. Hence, to estimate the small probabil{ ) . .
g S S . fore, the estimatg, is unbiased, and ds— oo, we also expect
ities of error found in digital communications via brute-force k .
; . . . . it to be converging (by the law of large numbers) to its mean
direct simulation requires that a very large number (an imprac-

tical number, even) of independent random numbers be genvaluep. The obvious question is, “Are there better choices for

ers . : . .
, q(r-) than jusip(-)?” The answer is that by making a good choice
ated from the computer's random number generator, for ¢(-), orders of magnitude decrease in the estimator variance

can be achieved over a direct Monte Carlo simulation. It is this
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Communication
Receiver

if h(N,S) € A; =>decode as symbol:

Fig. 1. Generic digital communication model.

estimator variance. Simulation strategies that achieve this mfor each closed sdéf ¢ ®¢, and
imum rate are said to be efficient. This philosophy of efficient 1 1
simulation allows us to choose biasing strategies based upon liminf — log P (—
a very simple geometric interpretation of the error sets of the

system under consideration. For example, in the white noifeg each open seP C R¢. The term “rate function” is appro-
case, the methodology indicates that we shift the mean of gusiate, since it gives the asymptotic rate to zero of these proba-
original zero-mean noise to the point of the error set closestlilities asn. — oo. In other words, ifinf,c 4 R(z) = r, then (in

the origin (if that point is unique). In the nonwhite case, we usgme sensep((1//n)N € A) =~ exp(—nr). In applications,

a generalized distance, but the ideas remain the same. We shotine vast majority of cases, we can take our set of interest to
that if there is more than one point at minimum distance frofye closed (or open) by just including (or not) the boundary of
the origin, we should use a biasing density that is a mixturehere a threshold decision is to be made without affecting the
A new result in this paper is that in the setting of an infiniteverall symbol probability of error. Hence, we will assume that
number (countable or uncountable) of minimum distance poinfer the sets of interest in our applications, thal = A° where

we prove that a particular mixture distribution strategy is effid denotes the closure of the sétand A° denotes the interior

N e O) > — inf R(z)
z€0

cient. of the setA. Hence
The geometry of these error sets, especially in high-dimen- 1 1
sional spaces, can be very complicated. It may be very hard to lim - log P (ﬁN € A)) =— irelij R(z) = R(A)

specify (or even find) the minimum distance points. A key ad-
vantage of this mixture distribution is that it is parameterized by
a single scalar parameter, the generalized distance. This mepise probabilities give us a way to approximate the probabil-
that the search for a good biasing distribution can take place oyffs of “small” Gaussian random variables lying in sets. We
asingle scalar parameter, regardless of the dimensionality of {i@ use these approximations as a way to formulate good sim-
problem or the shape of the error sets! ulation strategies for small Gaussian noise digital communica-
In Section 1, we discuss a result from the theory of large dgon problems. A pointz 4 where the minimization of the rate
viations and how it can be used to suggest a simulation meth@ghction actually occurs is calledrainimum rate poinbf the
0|Ogy. In Section Ill, we discuss the problem of efficient €Sset A. Note that there may be many minimum rate points7 de-
timator construction and present our main theorem, giving aending on the shape of the skt The set of points3, = {z :
explicit universal family of Gaussian simulation distributionsR(x) = a} is, of course, the boundary of a hyperellipsoid in
Section IV is devoted to several examples using the theory dg*_|f inf, . 4 R(z) = a, all of the points where the boundary of
veloped. Section V is a final discussion over the philosophy of intersects, are minimum rate points. The number of such
importance sampling and its place in rare-event simulation. TBgints could be one, or several, or countably infinite, or even

= — R(JA)

Appendix is devoted to a proof of the main theorem. uncountably infinite. To say more, we typically need to know
something about the structure or shape of the set. For example,
[I. PROBLEM SETUP AND PRELIMINARIES if the setA is convex and does not contain the origin, then there

fgan only be one such minimum rate point.

Consider the system simulation problem depicted in Fig. 1.
Here, we suppose that a Gaussian noise veltas input to
a communication receiver along with an independent message
R(z) = leK,lI symbolS. The receiver performs some opgrations on these in-

2 ) puts and outputs the functida N, S) € R¢. Depending on

A L L where inR? this d’-dimensional vector lies, we decode the
From the probabilistic theory of large deviations, it is known . i /
that _symb_ol_. !n other words, the receiver partltlons the spite
into disjointsetd D, }. If h(N, S) € D;, the receiver announces

1 1 : i i i
lim sup - log P (_ N e F> <~ inf R(x) 0 S, as the transmitted symbol (or, equivalently, annourictse
n n

Let N be ad-dimensional Gaussian random vector, wit
meanm and covariance matri¥x<. Define the so-called rate
function R(-) as

oo vn zeF subscript of the symbol). Note that without loss of generality
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(due to our very general system model) we can just assume traée with whichF,, goes to zero (if it does at all) must be less
the noiselV is zero mean. (If not, just modify the system modehan or equalt@R(x 4,,). If F;;, goesto zero at exactly the rate
so as to add the mean value in as part of its operation.) R(z.4,,), we say that the estimator édficient

An error occurs whenever symbolj is decoded In the next section, we address the problem of finding effi-
as symbol: where i # j. To evaluate the averagecient estimators in the setting of our problem.
bit-error rate (BER), we need to estimatg;; =
P (announce symbojj| symbol i transmitted for all pairs I1l. EFFICIENT ESTIMATORS
1 # 7. One of our underlying assumptions is that we are dealing

with 2 highly reliable system, and hence, the probab|llt|<?§we impose enough conditions on what sort of bias distribu-
{p;i} are very small. Hence, we assume that our zero-megn

4 ; ons will be allowed, sometimes we can specify some uniquely
noise vectorN can be written as . . . . . o
o optimal efficient estimator. We will consider a class of efficient
N=—— (2) estimators based upon the so-called exponential shifts. In the
vn Gaussian setting, this corresponds to shifting the mean vector
whereG is some fixed zero-mean Gaussian vector with covaief the original distribution. In [13], it was stated (in error) that
ance matrixk, multidimensional probability density(-), and these were the only possible efficient estimators in the Gaussian
n is a large integer. (Note that the probability densityN\dfis, setting. In a subsequent paper, Schlebusch [14] corrected this

In general, there is no unique sequence of efficient estimators.

thus,p(-y/n)v/n".) error and showed that in the small parameter Gaussian setting
Given that the symbol transmitted is independent of the noigeur current setting), there are several possibilities (other than
it is true that there exists a sét; C R¢ such that mean shifts) for efficient biasing distributions.

Recall that we wish to estimae; ,, using the estimatqi;; ..
piin = P(N € Aji). The situation is complicated much by the question of the number

The significance of the set; is that, if the noise vector is in of minimum rate points. In the setting where there are are only a
this set and if symbol was transmitted, then the receiver willfinite number of minimum rate points, vs, . . ., v, both [13]
announcg, and thus, create a certain type of symbol error. and [14] give formulas for efficient sequences. Following the

Instead of directly simulating the noise vect@with density mean-shift strategy, [13] (under some mild technical assump-
p and scaling it by dividing by/z, we shall use importance tions which we do not repeat here) prove that the following
sampling and simulate another noise vedatpmith densityg,,. choice is efficient:

The form of our estimator is m ;
g(x) = pip((x — v)Vn)v/n
=1

ol

N R p(vrYa) v/’
Pjin = Z HKSZ)GA]'JT
=t niin where{p;} is an arbitrary probability vector with all positive
whereY,\" is thelth independent sample drawn from tiae components.
density. The simulation situation where there is an infinite number
The variance of this estimate goes to zero likd: as the of minimum rate points has not been considered in the litera-
number of sample runsincreases (since it is just an average dtire. The existence of efficient estimators has been conjectured
k independent random variables). The behavieriga little bit  in both [13] and [14]. Indeed, the obvious conjecture is that if
more difficult to see, however, from [3], we know that (usuallyyve replace{p; } by some arbitrary probability distribution with

the variance is decreasing to zero exponentially fast in support exactly equaling the set of minimum rate points, we
Since it is an unbiased estimate, we can write will have an efficient biasing distribution. Unfortunately, we still
R 9 cannot say whether even this particular choice is always effi-
kvar(pﬁ,n) = F(In - pji,n cient.
where In this important small Gaussian setting, we can indeed
N demonstrate a universally optimal choice. Consider an arbitrary
Fy = Ey |1viea <p(\/ﬁYn)\/ﬁ ) closed setd4 and den(_)t_emip{meA} R(z) = R(A) = r. We
" " e In(Yn) make no further specifications on the set. Hence, the set could

) ) have an uncountable number of minimum rate points. In the
where we note thaky,, is the just the mean-square value of ON@ppendix, we give a proof of the following theorem.

of the summand terms in the estimator. Theorem 1: The sequence of bias probability densities given
From our large deviation result itheorem 1we know that

1
lim —logpjin = — ‘1611141‘ R(z) = —R(z4,,) ) F(g)ﬁ(dﬂ)—l
n €A @ () =p(x\/n)\/n" exp(—nr) —2— @1
where NG
1 1 (nV2r|[ K=/ Dy
R(z) = lJL’TKA:IJ. x —4/2) 1(_ V2| — i)
; (WK

Hencep?; ,, goes to zero exponentially inwith rate2 R(x ;).
Since the variance is always nonnegative, we must have thatithefficient, wherel, () is a modified Bessel function.
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Note that the only information about the set contained in the Example 2 (Simulation of Intersymbol Interference (ISI) and
{qn} sequence is the scalar quantity the Linear Problem): Suppose that we have a digital signal cor-
Remark 1:Despite its formidable appearance, obtainingupted by an ISI channel and white Gaussian noise. The received
samples for this distribution is actually quite simple. In theample appears as
Appendix, we show that it is obtained as the result of randomly .
mean-shifting our o_rlgln_al Gaussm_m noise vect_or over the R, = B, + Z ar By + Ny
surface of a hyperellipsoid. To obtain a sample, first generate
U, a uniform random variable over the surface of the unit radius
d-dimensional hypersphere centered at the origin. One wayW§ereB:, € {—1,1} is the information bit at timen, andN,,,
generate(] is to generate al-dimensional Gaussian Samp'ejs thei.i.d. normal, mean zero, Varianﬁ% noise Sample attime

k=1

Z, with covariance matrixid. Then returnl/ = Z/|z|. ™m- This signal is then passed through an inverting filter to give
(Note that any random variable with a spherically symmetric L

distribution can used instead &f for this purpose.) We then Y,, = B, + ZikNm—k-

generate a sample of the noise distributidh and return, P

= 1/2 i i .
Y = N+ varK'/2U. Y will have the density(-). We assume here that a perfect inverting finite impulse response

(FIR) filter exists, which, of course, cannot mathematically be

true. We assume that for large enougtthis is a good approx-
Example 1:Let X = (X;,X5) be a two-dimensional imation.

Gaussian random variable, with independent standard Gaussiahherefore, to simulate an error, we wish to bias the noise

marginals. Suppose that we are interested ia P(X € A) samplesNV = (N,,, Ny,—1,. .., Nm_r). Suppose for now that

where A is the complement of a disk of radius 10 centeref¥,, = +1. We wish to mean shifiv to the unique (hopefully)

at the origin. Every point on the boundary of the circle ofminimum rate point of the error set

radius 10 is, thus, a minimum rate point. It is easy enough to I

analytically compute the probability in this case, giving A= { } _

IV. EXAMPLES

T = (Tm-LTm—L4+1" " Tm) E eTm—k < —1

oo 2'2 k=0
”:/10 zoxp (‘?) dz In this setting, R(z) = (1/20%)|z||?. To find the min-
= exp(—50) ~ 1.93 x 1022, imum rate point, we need to minimizey,_ 2, _,
subject to SNr_ ikxm_r < —1. We do this with
We, of course, wish to simulate this probability as a test of olagrange multipliers by finding the critical point of
theory developed above. We use the density given in the ptE«) = Zf;o 2 .+ A Zf;o ikTm_k, Which leads
vious theorem, witlm = 1,d = 2, K = id, r = 50, or to
2 = )\ .
i = o (155 ) St Py = =5

) Solving for the constraint gives us
We should remark that there is a degree of freedom here that

we have not really discussed. We chaese= 1, K = id, but
we could have chosento be anything and( = n - id. We get
exactly the same estimators, no matter what our choieeisf o efore, we should bias our input random noises so that they
What is happening is that we have an asymptotic theory baq%{,e“ as their mean value

upon largen. However, any one simulation problemis a fixed ;g hroblem (in a much more general setting) is considered
noise variance that we need to emulate. We have only assumeth g1 ‘Here, our solution is presented from a large deviation
that our noise vectal can be expressed a8= G/y/n, where theory perspective, as opposed to a direct minimization of the
G has govarlancé(. Clearly, we can chpos;e to be whatever estimator variance. The end results match up well in the simple
we desire, as long as we scdteappropriately also. cases where they can be compared.

To generate samples from this distribution, we first generateEX(,jmmle 3 (Decision Feedback EqualizetVe are inter-
samples uniform on the boundary ofthe disk of radius 10 &S o540 in finding the error probability caused by a decision

(10cos(6), 10sin(¢)), wheref isa uniform ), 2] randomvari- o0 qnack equalizer operating in an ISI channel in the presence
a}ble. We then generaté = (Y1,Y;) asY’ = X — U. Our es- of white Gaussian noise. As in the previous section, we receive
timate then appears as the following bit sample:

7
TpA=——5.
1212

k
1 exp(50) !
~k ; Ly >10y To(10YO)[|” R,, = B, + Z axBm—k + N,
= k=1

>

Using the standard random number generators of Matlab, whereB,,, € {—1, 1} is the information bit sent at time», the
chosek = 20000 and obtained a valug = 1.8962 x 10”2%, {a;} are the ISI channel coefficients, afdV,,} are the i.i.d.
giving an error of less than 2%. Gaussian, zero mean, variancg noise samples. We then use
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our past bit decisions and our current channel model (whichWge denote the channel offset at the receiver ;s =

updated using an adaptive filtering algorithm) to try to cancéb,, o, ..., 04), where
the current samples ISlI, giving us the output f
. = bL 2 bi_ i—k-
l 0. + kz_l g kCi_k
B = B — Z B —- This implies
k=1

We then take the sign of this result to get our current bit decision sign(0i + z:)

) ) To minimize R(x) subject to the constraint, we can take= 0
B, = sign(R,) if

For simplicity in the following analysis, we will assume that the b; = bi(1 — 2e¢;) = sign(o;)
adaptive system is in steady state and locked to the true channﬁl .
model (which, in particular, implies that, = a; V k). otherwise, we must take

The problem with these types of receiver structures is that T = —0;
they employ a type of nonlinear feedback. If an error is madeyhich leads to
a previous bit decision, the receiver is far more likely to make sign (o) — by
another error, since the ISl instead of being perfectly cancelled T; = —o; ' !
is actually made worse. This causes a “burstiness” to the errors ) ) 2 ) o
appearing in these systems. Simulating these systems is far migh$ choice ofz is denoted as;,. being the (unique) minimum
complicated due to this characteristic behavior. We should né@€ point of the setl;.. To simulate, we then would employ
that [2] considers a far more general model and proposes vari¥{fité Gaussian noise with meaq. and individual component

other sophisticated strategies for simulating this system. ~ Varianceo= to simulate the ISI channel.
What we propose to do is to look dttransmitted bits at a  Aftér computing the minimum rate point,. for each data

time. We denote a given vector dftransmitted bits a — and error pattern df ande, we should first recognize that those
(b1, bs, . .., bs). We then consider the — 1 possible error pat- Patterns with the smallest norm fag,. will have the largest
terns that can occur for thogkbits. Any one such error pattemcontrlbutlons to the overa_ll symbol error rate. For a given data
will be denoted as = (e1, es, . .. , e4). We propose to compute &nd rror pattern, our estimator appears as
the probability of each error pattern. 1&

For a given transmittecb and anye, there is a cer- P(b,e) ~ Z 1{b&>:b<v>(1_25(7>)}
tain set 4, < R¢ such that if the noise vector =1 . .
N = (Ni,Ns,...,Ny) € A, the error patterre will y ﬂeX (n}” — Tpe)? — (nf‘))2
be produced. We wish to find the minimum rate points of this . p 202 )

set. Hence, we need to minimize The overall BER is

. . d
1 5 |b—b] P(be) > e
R(z) = - le with respect tOT =e j=1 !

= BER= D ——ag —
Y bY e

where again} is the transmitted bit sequendethe estimated T_O test our theory above, we choose_ a channe_l with _ISI cqeffi-
sample sequence at the receiver, and the error pattern of cientsa = (1/2,-1/4,1/10) and white Gaussian noise with

which we wish to simulate the probability. zero mean and varianeg = 0.04. We are interested in the
Note that, to achieve the error patternwe need probability that a specific bit pattern produces a specific error
pattern. We choose = (-11—-11)ande = (101 1). We
b; = bi(1 — 2e;). compute the channel offset as
1 1
The estimated received bit appears as 0= <_17 0, Ty _g) :

p 4 Knowing the distribution of the Gaussian noise, we can compute
b; = sign | b; + bip — ihi g+ (in clp_sed form) the prob_a_bllltythateach decoded bl_t_follows t_he
wen < Z UhDik Z WhDimk T ) specific error pattern, giving us the overall probability for this

r= r=t (b, €) combination as
and withay, = ay, we get P(b,e) =P(by = 1)P(by = 1)P(bs = 1)P(by = —1)
d =P(ny > 1)P(ng > 0)P(n3 > 0.5)P(n4 < 0.2)
b; =sign <bi + 3 ap(bik —bix) + x) =(2.867 x 1077)(0.5)(6.21 x 103)(0.8413)
kzlf =7.488 x 1070,
b; =sign <b7: + QZakbi—kei—k + :171> ] The minimum rate point of the set is calculated:gs =
P (1 00.50). Now we simulate the ISI channel using Gaussian
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24

45210 : : : : : : : cation system. We argue that for highly reliable systems oper-
ating in the presence of Gaussian noise, we should consider the
af 1 large deviation theory of the problem; in particular, we should

view our simulation problem from the point of view of trying
to find efficient biasing distributions. The reason for following
this philosophy is that by first embedding our problem as but one
of a parametric sequence of problems (the parameter tise

25} 1 small noise control parameter), we can concern ourselves with
maximizing the estimator variance rate to zero, instead of mini-
2r 1 mizing the actual estimator variance itself. The mathematics of

maximizing the variance rate is often far simpler than trying to
minimize the actual variance over some class of simulation dis-
1 1 tributions. This is intuitive, since our large deviation framework
is only trying to maximize a rate parameter instead of the actual
05 1 variance. Trying to minimize analytically the estimator variance

directly almost always leads to a very complicated functional

0 1 2 3 4 5 6 7 8 minimization problem. Of course, when this minimization can
x10 be carried out, it is very desirable to do so. In most practical sit-
Fig. 2. Estimator output as a function of simulation runs. uations, it really cannot be done.

Evenin situations where our methodology is difficult to apply
noise with mean:;. and variance2 = 0.04. Usingk = 25000, and perhaps morad hoctechnigues must be used, the theory
we obtain a probability o (b, ¢) = 7.632 x 10~'°, giving an of large deviations still gives deep theoretical insight into the
error of less than 2% from the true value. fundamental problems facing the simulation of highly reliable

To find the overall bit-error ratio, we use the same scheng¥stems. The situation here is very akin to the position occu-
to compute the probability of all combinations of bit andied by information theory to the communication system de-
error patterns. Supposing that all data bit patterns occur wii@ner. Information theory provides insight into the communica-

the same probability, we calculate that the actual BER §@®n problem but many of its constructs are difficult to compute,
BER = 3.6336 x 10~". e.g., channel capacity, rate distortion functions, etc. However,

Simulating all ¢, ¢) combinations by shifting to the minimum this fact does not negate its fundamental usefulness as a frame-
rate point and using = 25000 simulation runs for each com- Work in which to view this problem. At the risk of a bit of hy-
bination, gives us an estimated BERRIER = 3.6401 x 10~7, perbole, itis the authors’ opinion that the role of large deviation
giving an error of approximately 0.2% from the true value. theory in rare-event simulation is analogous. It is now apparent

Example 4: To present a problem with more multidimenthat we have a more or less encompassing theory that seems to
sional character, try to estimate explain quite well exactly what is occurring in this search for

3 5 3 good biasing distributions. The theory, and definitely the prac-
_ ' . tice, of large deviation theory techniques is still very much in
p=r Jz:; cos(N;) + ; ; cos(Ni = Ni) + Ny > 13 its infancy. We suspect that much work will have to be done in
this area to convince communication systems designers that the
hecessary front effort of learning something of the mathematical
§Fimework will give large payoffs in the science of evaluating
trrﬁ)lighly reliable systems.
During the review of this paper, one of the reviewers pointed
out that identifying the error set in terms of the regions vis-
ited by the input Gaussian vector will be a difficult exercise
in all but the simplest cases. We agree wholeheartedly with
this statement. Our argument is that we give a “universal” bi-
ing strategy that only depends on one parameter. The simula-
afén practitioner need only search (adaptively from the estimator
variance would be one possibility) over a single parameter. The
fue complexity of the sett does NOT need to be investigated.
To us, this is an amazing result.
The same reviewer felt compelled to comment on our claim
at the mathematics of of large deviation theory arguments is
often simpler than direct estimator-variance minimization. He
argued that in many difficult examples, the techniques of direct
estimator-variance minimization require not much more inge-

This paper is more about presenting a simulation philosophuity to implement than the large deviation theory-based exam-

than it is about simulating any one particular type of communples of this paper. In particular, he argues that one can adap-

where Ny, No,...,N, are mean zero, variance 1/100 i.i.d
Gaussian random variables. Hence, we have a four-dim
sional biasing problem. We choose the covariance ma
of the random vectorG in (2) as K = 1id. To match
up with our problem, then we must choose = 100 to
give the correct variance for thév vector. We should
note that the point(g1,92,93,94) = (0,0,0,1) gives
i cos(g)) + Yhoy Dimy cos(gr — gi) + g1 = 13,
Furthermore](g) = g¥g/2 = 1/2. Thus, we know that need
not be chosen bigger than 1/2. We choose (after a few tri
the value ofr = .45.

In Fig. 2, we plot our estimate as a function of the numb
of runs for up to eight million runs. The final value6155 x
10~%% is (empirically) accurate te: 20% with 95% probability.
Of course, a direct Monte Carlo simulation of this probabilit¥h
would have required on the order of?£Gimulation runs.

V. DISCUSSION
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tively minimize an empirical estimator variance over a pard-herefore
metric class of simulation distributions. We reply first that in 17 _(1/2

. L — V2rK=YDy, 2)))d
the present Gaussian setting, it seems to us almost compellingly 4, /¢ exp(n{{v2r u, x)])du

simple that we only need to find the minimum distance points of 1 _/2)

the error set from the origin. Even if this is difficult to do in prac- A, / exp(nV2r(u, K x))du
L. L . . . d.Js,

tice, it gives such insights into the problem (which led directly to _a/2)

this new “universal” class of efficient biasing distributions) that =& [exp(nv 2r(U, K $>)}

it seems obvious that the methodology of large deviation theory
cannot be ignored. Second, we have no complaints with the use
of empirical/adaptive searches to minimize estimator variance. !

. . i - NG (1/2) .
We are using large deviation theory to propose families of (para-  — /_ exp(nv2rul[ K= x||) fu (u)du
metric) simulation distributions. One (often very good) way to
choose that parameter is empirically/adaptively from the esti-

—F [exp(n@Uan—(l/?)mH)]

now change variables using = cos(6)

d
mator variance. :F(—Q)l
L(4EHT(3)
APPENDIX TL\/—“K 1/2)$||COS( )) Sind—Z(g)de
Proof of Theorem 1 Sd/2-1
) ) (%)\/_\/— Tiayo)- 1 (V27| K~ <1/2)«’17“)
We suppose thak(z) = 27K 1z/2. K~ is symmetric, @/2)-1 K—1/2) 2 (d/2)-

/e Suppos: . ROV (nl K =072
as isK We suppose thal C R* is closed and
infueq R(z) = R(A) = r. Let U be a random variable from [7, eq. 8.431 3]
uniform on the surface of thé-dimensional unit radius hyper- Itay2)—1(nV/2r|| K=/ g))
sphereS,;. Denote the area of the surface 4g. Let us define =b (n||K (/2 g||) (/D)1

a biasing distribution as wherel,, (-) is a modified Bessel function. We now have the form

1 RS .
gn(z) = — / ((w _ \/Q—TK(l/Z)u) \/ﬁ> \/ﬁddu of the biasing distribution that we stated in the theorem

p

Aq Js I (n\/2r|| K~ (/)

. (d/2)—1\1 Al z||)

which corresponds to randomly shifting the mean vaIu%L( (x‘/_)ﬁ exp(=nr)b (n]|K=1/2)g||)(d/2)-1

of the distribution of N to points on the hyperellip-  To verify that this choice is efficient, we have to compute

soid {x : R(z) = r}. Now for § € R? define . N2

M(#) = Elexp((0,G)] = exp((1/2)#TK6) which  , _ / p(yv/n)yn an (0 dy

is the moment generating function of th& random i A an(y) A

variable. Note that(-,-) is our notation for the stan- —(1/2) . 11\d—2
’ xp(2 K

dard Euclidean inner product oR<¢. It is known that :GXI)I()ZM)/ 5 (n] x'?(l/z)

R(z) = supy|(6,2) — log M(8)] = (6., 2) — log M(8,), A Ly o)y (nV2r[| K=0/2])

wheref, = K='z andM(0,) = exp(z? K~z /2). Itis easy Sinceinf,c4 R(z) = r, we have

gn(z)dz.

to verify that 1
4 AC{LL’:—LL’TK_ILEZT}
(& = V2r K 2u)y/n)v/n 2
1
= p(x\/_)\/ﬁ exp(n[(0),x) — log(M(0:))]) = {x . 5([(—(1/2)1:,K_(1/2)$) > 7«}
wherefd’ = /2r K ~'/?y andlog(M (%)) = ru”u. Hence (o |[K-Dg|2 >> 27)
4n() ={z: [|[K~2z| >> var}
1 ’ —
Ay / p((z - @K”%Nﬁ)ﬁ’du =C.
d Hence, since the Bessel functidp(z) is monotonically in-
_p(x\/—)\/_ exp(n[(fy, z) — log(M(8,,))])du creasing inz, (this can be deduced from the fact that in [1, p.
Sa 375, eq. 9.6.10] is given a power series for this function with all
:p(xﬁ)\/ﬁd exp( r) / exp(n[(vV2r K =12y, 2)])du. positive coefficients)
Aa /s, 1 exp(2nr)
Note that(v2rK ~(/2u,z) = v/2r{u, K~1/2z). Also, due "o e
to the spherical symmetry &f, we have that (U, K~(1/2)z) is N / (|| K z]]) gn(@)d
equal in distribution ta|| K ~(*/2)z||Uy, wherel; is one of the Iy 9y (nV2r || K=/ D))
marginal random variables @f, i.e.,U = (U,Us,...,Uq). exp(2nr)
The probability density ot/;, fy(u) is known to be [5, Th. 3.1] _b I(d/2) (nv/2r|| K-/2)]))
(%) 2
__ ~\2) 1 (d=1/2)-1 _ _ de
fo) = Fd) == ) 1 <u<+l « /C(nHK (1/2) )42, () da.
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